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ABSTRACT
Let Q4 denote the maximal abelian extension of the rationals Q, and
let Qupnil denote the maximal nilpotent extension of Q,;. We prove that
for every prime p, the free pro-p group on countably many generators is
realizable as the Galois group of a regular extension of Quppi1(t). We also
prove that Q,pn;) is not PAC (pseudo-algebraically closed).

Introduction

Let k£ be a field, G a profinite group. We will say that G is regular over k if there
exists a Galois extension K of the rational function field k£(t) which is regular over
k such that G(K/k(t)) = G. Let Q4 denote the maximal abelian extension of the
rationals Q, and let Qapy; denote the maximal nilpotent extension of Q,;,. We
prove that for every prime p, the free pro-p group on countably many generators
is regular over Qapnit- This in particular implies that every finite nilpotent group
is regular over Qapnil, and that the same results hold with Q.. replaced by
any algebraic extension k of Qapnil; in particular, every finite nilpotent group is
regular over Qso1, where Qs is the maximal solvable extension of Q. To put this

result in perspective, it is known that every finite abelian group is regular over
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Q (see e.g. [M, p.224] or [FJ, Lemma 24.46]), but it is not known if every finite
nilpotent group is regular over @ [Sel, p. 16]. On the other hand, Fried and
Volklein [FV] have recently proved that every finite group is regular over k if k
is PAC (pseudo-algebraically closed) of characteristic zero. A field k is PAC iff
every absolutely irreducible variety defined over k has a k-rational point. It is an
open question [FJ, p. 136] whether or not Qs is PAC, but we will prove below
that Q,pny is not PAC.

The proof parallels the classical method of realizing finite p-groups over number
fields, by means of a local-global principle for embedding problems. The role of
the classical theorem of Albert—Hasse—Brauer—Noether on the Brauer group
of a number field is played here by Theorem 1.1 concerning the injectivity of the
canonical map from the Brauer group of a rational function field in one variable
to the direct product of the Brauer groups of the completions at the geometric
primes.

In this paper we will use the following notations. If F is a field, £ will denote
the algebraic closure of F', F the separable closure of F, Gp = G(F;/F) the
absolute Galois group of F, Br(F') the Brauer group of F. If A is an abelian
group and p is a prime, A, will denote the p-primary component of A, i.e. the
subgroup of A consisting of all elements of p-power order.

1. Brauer groups of rational function fields

THEOREM 1.1: Let p be a prime number, and let k be a field of characteristic
# p, K = k(t) a rational function field in one variable over k, V the set of finite
primes of K trivial on k (corresponding to irreducible polynomials in k[t]), and
K, the completion of K at v € V. Then the map

[ xeso: Br(K), — [[ Br(X.),

v vEV
is injective, where K, denotes the completion of K at v, and res,: Br(K), —
Br(K,), the restriction map.

Remark: We are indebted to David Saltman for pointing out that Theorem
1.1 is essentially known, in the framework of the theory of Brauer groups of
commutative rings. Indeed in the case char(k) = 0, the injectivity of the map
Br(K) — [1, Br(K,) can easily be deduced from [AG, Prop. 7.4, Theorem 7.5,
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and Prop. 8.2]. Moreover, it is stated in [AG] that all the results in that paper
can be proved with no added difficulty for p-primary components in characteristic
# p, so that Theorem 1.1 can be also proved in the same way. Having said this,

we will give a “self-contained” proof, which is based on the following lemma.

LEMMA 1.2: Assume p # char(k). Let 8 € kq, k' = k(8), F = k'((t—8)) (formal
power series field), E = k,F (the maximal unramified extension of F'). Then we

have the following commutative diagram:
H?(Gr, ks(t)*)p —= H*(Grgy, k(1)3)p = Br(k(1)),

lres lres

H2(Gk’7 E*)P i:f HZ(GF’ Fs*)p = BI‘(F),,

where the horizontal maps are canonical isomorphisms.

Proof: The diagram is commutative because it is induced by an inclusion
diagram of fields. (Note that F; = k(¢)sF by Krasner’s Lemma, so G can be
identified with a subgroup of Gy).) By the exact inflation-restriction sequence
[Se, Prop. 6, p. 156], it suffices to show:

(1) HX(Gh, s k(1)2), = 0, and

(2) H*(GE, F¢)p = 0.

(1) is [FS, Lemma 2, p. 51] (essentially Tsen’s theorem).

(2) Observing that E is Henselian and that E’ = ks((t — 3)) is the completion
of E, we show first that Gg = Gg/. Consider the field diagram

E;
E E'
E
By a corollary to Krasner’s Lemma [Rib, Cor. 2, p. 190], E; N E' = E, and
by another corollary to Krasner’s Lemma [J, Prop. 12.3], E;E’ = E’. It follows
that Gg = Gg. Let T’ be the maximal tamely ramified extension of E’. Every

finite subextension of T’/ E’ is of the form E'(7/") with 7 = u(t— ), » a unit in
ks([t—B]] [W, Theorem 3-4-3] since char(k) # p. But u}/* € E’, hence E'(x!/") =
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E'((t— B)Y™). Since the nth roots of unity lie in E, E’((t — 8)*/™)/E" is a cyclic
extension of degree n. It follows that G(T’/E’) is a procyclic group, hence
cd,G(T'/E') = 1, where cd,, denotes the cohomological p-dimension. Further,
G(E./T') is a pro-g-group, where ¢ = char(k), so cd,G(E./T") = 0. By [Rj,
Prop. 2.6, p. 209] ¢d,Gg = 1. Since Gg = G, ¢d,Gg < 1. It follows that
HX(Ggp,F}),=0. 1

Proof of Theorem 1.1: Let v € V. Then k(t), & k(8)((t — 8)), where 3 is a root

of an irreducible polynomial in k[¢] corresponding to v. By Lemma 1.2, it suffices
to prove that

HYGr, ko(t))p—  [[ H*(Greey Ep)p
BE€k; /Gy

is injective, where Eg = ks.k(B8)((t — B)).
We decompose k,(¢)* as a Gg-module:

k() =k x [ (t-o)

aeks/Gk

where (t — a)%* = HaeGk/Gk(a) (t — a)?, and k,;/G}\ denotes the orbit space of
ks under Gy. Similarly we decompose Ej as a G (g)-module:

Ej=Us x (t - B)

where Up is the group of units of (the valuation ring of) Eg. Passing to coho-

mology, we have

(*) HY (G, ko(t)*)p = HA(G, k), © [ H(Gr, (t — a)C*),]

and
H*(Gu(g), Ep)p = H*(Gi(p), Up)p ® H*(Gr(s), {t — B))y-

Since the map k(t)* — Ej carries k; and (t—a)C* into Up for a # B, the induced
map carries H*(Gy, k})p and @ .3 H*(Gx, (t—a)¢*), into H*(Gy(g), Up)p- The
remaining summand involves (t — 8)¢* which as Gr(p)-module decomposes as
(t—B) x M, where M is the product of (t—4'), 8’ running through the conjugates
of § different from 3. The map k4(t)* — Ej carries (¢t — f) into (t — §) and M
into Ug. The map

H*(Gy, (t — B)°*)p — H*(Gr(p), (t = B))p ® H*(Gi(), Up)p
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factors as follows:
H?(Gy, (t — 8)°*)p — H*(Grg), (t — B) x M),
= H*(Grp), (t = B))p & H*(Gr(p), M)p
— H*(Gr(g), (t — 8))p ® H*(Gi(5), Up)p-

By Shapiro’s lemma [Ri, Theorem 7.4, p. 146], projection onto the first sum-
mand yields an isomorphism

H?(Gy, (t — BYC*)p = H*(Gig), (t — B))p-

Now suppose ¢ € Br(k(t)), is in the kernel of all the maps Br(k(t)), —
Br(k(t)y)p. Looking at the components of ¢ in the decomposition (*) we see that
for each 3, the component of ¢ in H(Gy, (t — 3)C*), is zero. Thus ¢ € Br(k),.
Finally, take a prime v of degree one, corresponding to ¢, say. Then the summand
Br(k), is carried isomorphically to itself in Br(k((¢))),, so ¢ = 0. |

2. Embedding problems

Let K be any field. An embedding problem over K is an exact diagram

(2.1) / l

l—rA—+E—+G——1

with E finite, G = G(L/K). We will assume A abelian. An embedding problem
(2.1) will be called central if A maps into the center of E. A (weak) solution
is a continuous homomorphism f: Gx — E such that e o f = res. If the group
extension e: E — G happens to split, then there is the trivial solution s o res,
where s: G — E is a section. If f is surjective, f is called a proper solution, and
the fixed field of ker f is a solution field N with G(N/K) 2 E. 1t is known [FJ,
Prop. 24.49] that if K is Hilbertian (and A is abelian), then every embedding
problem that has a solution has a proper solution.

ProrosiTioN 2.1 ([H, 1.1)): Let ¢ € H*(G, A) correspond to the group exten-
sion1 - A — E — G — 1. Then there is a solution to (2.1) if and only if
inf(c) = 0, where inf : H?(G, A) — H?(G, A) is the inflation map.

Now let V be an index set, and let {K,: v € V} be a family of extensions of
K. Given an embedding problem (2.1) over K, there is an induced embedding
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problem

Gk, — Gk

(22) 'f/ lresvzresm}(u

1 A E, Gy 1

€y

where G, = res(Gg,) C G, E, = e (G,). A “global” solution f induces a
“local” solution f, = flay., -

ProposITION 2.2 (N, 2.2): Suppose the map

res: H*(Gg, A) — H H?*(Gg,, A)
veY

is injective. If the local embedding problem (2.2) has a solution for all v € V,
then the global embedding problem (2.1) has a solution.

Proof: Consider the commutative diagram

H*(Gk, A) =~ [], H*(Gk,, A)

Iinf Iinf

H*(G,A) —=—~+ T[], H*(G,, A)

and apply Proposition 2.1. |

Assume now that A (considered as a Gg-module via G) is G g-isomorphic to
tn, the group of nth roots of unity in K, where n is a power of a prime p #
char(k). We can then identify H?(Gg, A) with H?(G, ttr) which is isomorphic
to Br,(K), the subgroup of Br(K) killed by n (consider the exact sequence
0 — H*(Gk,pn) — H¥Gg,K?) = Br(K) = H*(Gg,K?) corresponding to
the short exact sequence 1 — p, — K¥ — KX — 1).

PROPOSITION 2.3: Let n be a power of a prime p # char(k), and suppose A & p,,
as G g-modules. If the map Br(K), — [], Br(K,), is injective, then the existence
of a solution to the local embedding problem (2.2) for all v € V implies the
existence of a solution to the global embedding problem (2.1).
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Proof: Consider the commutative diagram

Br(K), I1, Br(K.),
}g Tg
Br, (K) [1, Br.(K.)

B E
HX(G, 4) — T1, H(Ck.. 4)

and apply Proposition 2.2. B

THEOREM 2.4: Let K be a rational function field k(t), and V be the set of finite
primes of K (trivial on k). Let n be a power of a prime p # char(k), and let
(2.1) be an embedding problem over K with A & u, as Gx-modules. If there
is a solution to the local embedding problem (2.2) for all v € V, then there is a
proper solution to the global embedding problem (2.1).

Proof: By Theorem 1.1 and Proposition 2.3, there is a solution to the global
embedding problem (2.1). Since K is Hilbertian, there is a proper solution. |

We will require the following classical fact about embedding problems.

ProprosiTION 2.5. (cf. [Sh, p.109]): Let (2.1) be a central embedding problem
with A = Z/pZ, p prime, p, C K. Assume there is a solution with solution field
L(a'/?), a € L*. Then the set of solution fields coincides with the set of fields
L((aa)?), a € K*.

Proof: We begin with the following lemma.

LEMMA 2.6: Let G be a finite group, p a prime, and let
1—-Z/pL — E; —+G — 1

t = 1, 2, be two central group extensions. Then there exists an isomorphism

@: E1 — E5 such that esp = e if and only if the two group extensions
1—>Z/pZ'—>E1 XGE2T’Ei -1
split, i = 1, 2, where

Ey x¢g E, = {(121,332) € F; x Ey: 61(.’81) = 62(1‘2)},
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and 7;: By Xg By — E; is the projection onto E;.

Proof: Suppose there exists an isomorphism ¢: Ey — FEj such that esp = e;.
Then ¢ induces a homomorphism @: By — Ej xg E2, ¢(z) = (z, ¢(x)) such that
m$ = id, so 1 = Z/pZ — Ey xg By —+ E1 — 1 splits. Applying the same
argument to ¢! yields the splitting over 5.

Conversely suppose the group extensions 1 — Z/pZ — E; xg Eo —~ E; — 1
split. Then there exists a homomorphism 9: F1 — E} X g E3 such that w19 = id.
Writing ¥(z) = (¥1(z),¥2(z)), we have ¢¥y(z) = =z, and 9¥2: E; — E; is
a homomorphism such that e;y(z) = ei(x) for all z € Ei, so exths = e.
Then ker(¢2) C ker(e;) = Z/pZ. If ker(tpz) = 1, we are done. Otherwise,
ker(1;) = ker(e;) = Z/pZ, 1o factors through E;/ker(e;), so E, splits over
G. By symmetry, we are reduced to the case where both F;, Es split over G.
Since both extensions are central, we are done. |

Now to prove Proposition 2.5, let N; = L(ail/”) # L be Galois over K, E; =
G(N;/K), i = 1,2. Suppose first that Ny is a solution field to the given embed-
ding problem, and that a; = aaj,a € K*. Then N = N{Ny = Ny(al/P) =
N1 K (a'/?), so if Ny # No, G(N/K) 2 E; xg E; is a split extension of Ej, so by
Lemma 2.6, N, is also a solution field.

Conversely, suppose N;,N, are distinct solution fields to the given embedding
problem. Then (with N = N\ N2) G(N/K) & E; x¢ Es, and 7;: E; — G is the
restriction map. By Lemma 2.6, the group extension 1 — Z/pZ — G(N/K) —
G(N;/K) — 1 splits, which implies that N = N;(al/P) with ¢ € K*. But
N=N, (aé/ ?) which by Kummer theory means that asa~! € N;? (replacing a by
a power of a if necessary). Then aza~! € NP N L* implies L((aza™1)*/?) C N;.

la7t € L*P (replacing a; by

If equality holds, then by Kummer theory, asa™
some power of itself if necessary) as desired. Otherwise, aza~! € L*P and we are

in the split case, which impliés that also a; € K*L*P, as desired. ]

3. p-groups as Galois groups

Let p be a fixed prime and k a field of characteristic # p such that

(3.1) k contains all p-power roots of unity,

(3.2) every central embedding problem (2.1) over any finite extension k' of k with
A 2 Z/pZ has a solution.

(3.2) holds e.g. if ¢d,Gr <1 [Ri, Prop. 3.1, p. 211].
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Example: Every algebraic extension & of Q(u(p™)),u(p>) =group of all p-
power roots of unity, satisfies (3.1) and (3.2). Indeed, c¢d, Gy < 1 by [Ri, Theorem
8.8, p. 302].

Definition: Let K = k(t) and let L/K be a finite Galois extension with Galois
group G. L/K is a Scholz extension iff every prime of K (trivial on k) which
ramifies in L is tamely ramified and of degree one in L/K. In other words, if v
is a prime of K that ramifies in L, then the local extension L, /K, is totally and
tamely ramified.

PROPOSITION 3.1: Assume k satisfies (3.1) and (3.2). If L/K is a Scholz exten-
sion, then every central embedding problem (2.1) with A = Z/pZ has a proper
solution.

Proof: Since p, C K, we have A = Z/pZ = p,, so we may apply Theorem
2.4, which reduces the proof to checking that there is a solution to the local
embedding problem (2.2) for each finite prime v of K. Let v be a finite prime of
K. There are two possibilities.

CASE 1: v is unramified in L. Then K, & k'((u)) (formal power series field)
where k' is a finite extension of k, and L, = LK, is an unramified extension
£((u)) of k’((u)). The local embedding problem translates down to an embedding
problem over &’ with G = G(¢/k’), which has a solution by property (3.2). The
solution translates back up to a (unramified) solution to the local embedding
problem over K,.

CAsE 2: v ramifies in L. Then L,/K, is totally and tamely ramified. Hence
K, = k'((u)) and L, = k'((u'/¢)), where e is the ramification index [W, 3-4-
3], and %’ contains the eth roots of unity because L,/K, is Galois. The local
embedding problem therefore has a proper solution with solution field &((u'/?¢))
(note that k' contains the peth roots of unity) if the extension

1-A—-FE,—-G,—1

does not split, and has the trivial solution if the extension splits. [

PROPOSITION 3.2: Let k satisfy (3.1) and (3.2), L/K a Scholz extension. Then
every nonsplit central embedding problem (2.1) over K with A = Z/pZ has a
proper solution whose solution field N has the property that every finite prime
v of K which is unramified in L remains unramified in N.
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Proof: By Proposition 3.1, there is a solution field N. We may write N =
L(a'/?), with a €L. Since G(N/K) is a central extension of G(L/K), a is fixed
by G = G(L/K) modulo L*? i.e. o(a) = af?, 8, € L*, for every o € G. (Indeed,
since N/K is Galois, we have L(o(a)Y/?) = L(a'/?) = N for every o € G(L/K).
Fix o and extend it to N. Then o(a!/?) = o*/?8, B € L*, 0 < i < p — 1. Choose
7 € G(N/L) such that 7(al/P) = (a'/P, where ( is a primitive pth root of unity.
Then or(al/?) = o(Ca/?) = (ai/PB, while To(al/?) = 7(ai/PB) = (iai/Pp.
Since 7 is in the center of G(N/K), ¢! =(,s0i =0 and o(a) = afP.) Let R be
the integral closure of k[t] in L. R is a Dedekind domain with fraction field L. Let
T = I denote the group of fractional ideals of R. It follows that the principal
ideal () is fixed by G modulo ZP. Write (a) = [[,, V™V, where V runs through
the primes of L. Then (o(a)) = [[, (V)™ =[], V"V ( mod I?), for all o € G.
Since G acts transitively on the set of prime divisors in L of a fixed prime v of K,
we have ny = nys ( modp) for V,V’ dividing the same prime v of K. It follows
that () = AB( mod 77}, where A and B are G-invariant ideals, A is divisible
only by primes unramified in L/K and hence is the image in Zy of an ideal in
Tk, which is necessarily principal (since K is a rational function field): A = (a),
a € K; and B is a product (possibly empty) of primes ramified in L/K, with
multiplicities ny,, 1 < ny, < p—1 and nj, = n},( modp) if V, V' divide the same
prime v of K. Replacing a with a~!a = § yields a solution field N’ = L(8'/P) to
the same embedding problem, by Proposition 2.5, and the only primes ramifying
in N'/L are the divisors of (8) = B mod I%), proving Proposition 3.2. 1

PrRoOPOSITION 3.3: Let k satisfy (3.1), (3.2), and

(3.3) k* is p-divisible, i.e. k*P = k*.

Let an embedding problem (2.1) be given, where K = k(t), A & Z/pZ, and
L/K is a Scholz p-extension (L/K is Scholz and G(L/K) is a p-group). Assume
that all the primes of K that ramify in L are of degree one over k. Then there is
a proper solution field N 2 L such that N/K is a Scholz extension and all the
primes of K that ramify in N are of degree one over k.

Proof:

CAsSE 1: The embedding problem is nonsplit. Let N be the solution field of
Proposition 3.2. Let v be a finite prime of K ramified in N. Then v is ramified
in L and therefore v is of degree one over k and L,/K, is totally ramified.
Claim N,/K, is totally ramified. If not, then N, = L,M, where M,/K,
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is cyclic unramified of degree p. Since v is of degree one, K, = k({u)), and
M, = €((u)), where ¢/k is cyclic of degree p, contradicting (3.3). Thus N, /K, is
totally ramified. Tame ramification is automatic, since p # char(k).

CASE 2: The embedding problem is split. Take a finite prime vy of degree one
of K which is unramified in L, and let ¢t — a be the corresponding polynomial in
k[t]. (Note k is infinite by (3.1).) Then N = L((t — a)'/?) is a solution field, and
all the primes of K that ramify in L are of degree one over k. Hence all the primes
of K that ramify in N are of degree one over k. Indeed, the only finite prime
that ramifies in K ((t —a)'/?) is vy, hence if v is a prime of K that ramifies in N,
then it must ramify either in L or in K((t — a)'/?), so either v is of degree one
by hypothesis or v is v which is of degree one as well. Claim: N/K is a Scholz
extension. Since N/K is a p-extension, so is N, /K, for every prime v of K. For
primes v of degree one over k, the inertia field is a constant p-extension of k((t)),
which is necessarily trivial, by (3.3). (Again tame ramification is automatic.)
||

THEOREM 3.4: Let k satisfy (3.1)-(3.3), and let S be a finite set of primes of
k(t) of degree one over k, containing the infinite prime. Let K = Kg{p) be the
maximal p-extension of k(t) unramified outside S. Then K is a regular extension

of k and G(K/k(t)) is the free pro-p group on r generators, where r = |S| — 1.

Proof: 'We begin by noting that K is a regular extension of &£ by (3.1) and (3.3).
Let t — ai,...,t — a, correspond to the finite primes in S. Then
k()((t —a))'/?,...,(t — a,)'/P) C K is a Scholz extension of k(t) regular over k
with Galois group Cy (where C,, denotes the cyclic group of order p), in which the
set of ramified primes is exactly S. Let G be the free pro-p group on r generators,
G1 = 9(G) = GP[G, G], the Frattini subgroup of G, and let Gy D Gy D --- be a
descending chain of open normal subgroups of G with [G;: G;1;] =pforalli > 1,
and (); Gi = {1}. Then G & lim G/G;. By case 1 of the proof of Proposition 3.3,
we can inductively construct ‘a tower of fields k(t) Cc K1 € K3 C --- such that
K, /k(t) is Galois with group G/G;, and unramified outside S, since from K; on-
wards, no new primes ramify (Prop. 3.2). Let L = {J, K;. Then G(L/k(t)) & G,
and L C K = Kg(p). It remains to show L = K. The rank of G(K/k(t)) is r,
since K is the maximal elementary abelian p-extension of k(t) unramified out-
side S. It follows that the canonical epimorphism res: G(K/k(t)) — G(L/k(t))
induces the identity map modulo the Frattini subgroups. Since G(L/k(t)) is free,
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res is an isomorphism, hence L = K. |

Taking the limit over all finite sets of primes of degree one over k (containing

the infinite prime) yields

COROLLARY 3.5: Let k satisfy (3.1)-(3.3). Let K;(p) be the maximal p-extension
of k(t) unramified outside the set of primes of degree one over k. Then
G(K1(p)/k(t)) is a free pro-p group on |k| generators.

Since % is an infinite field, we immediately get

COROLLARY 3.6: Let k satisfy (3.1)-(3.3). Then every finite p-group G is regular
over k, i.e. G is the Galois group of an extension of k(t) which is regular over k.

4. Examples

1. The maximal extension Qso; of Q satisfies (3.1)-(3.3) for all p. We therefore

have

COROLLARY 4.1: For any prime number p, the free pro-p group Fp(w) on count-
ably many generators is regular over Q,o;. Every finite nilpotent group is regular
over Qsol -

Remark: For k = Qso1, ¢dpGi =1 for all p, by [Ri, Theorem 8.8, p. 302], since
e.g. the alternating group A, is realizable over k for all n > 4, and every p
divides the order of A,, for some n. Therefore cd,Gy(;) = 2, by [Ri, Prop. 5.2, p.
272], but Fp(w) is regular over k for every p.

It is not known if Qs is a PAC field [FJ, p.136]. If it is, then the second
statement in Corollary 3.7 is a special case of a recent theorem of Fried and
Volklein, which says that every finite group is regular over k if k is a PAC field of
characteristic zero. We give below an example of a non-PAC field which replaces
Qso1 in Corollary 3.7.

2. Let p be fixed, and let k(p) be the maximal p-extension of Q(u,), where p,
denotes the pth roots of unity. Then k(p) satisfies (3.1)—(3.3). Thus:

COROLLARY 4.2: The free pro-p group on countably many generators is regular
over k(p). Every finite p-group is regular over k(p).

We will see below that k(p) is not PAC.
Now let & = Qupnit, the maximal nilpotent extension of the maximal abelian
extension Qg of Q. It is not true that & satisfies (3.3) for all p. However:
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COROLLARY 4.3: Every finite nilpotent group is regular over Qupni -

Proof: First observe that k(p) C Qapni for all p. Thus every finite p-group is

regular over Q,pn; for all p. Hence so is every finite nilpotent group. |

We now show that Qapnin is not PAC. By [FJ, p.132], this implies that every
subfield of Q,pni is also not PAC; in particular the fields £(p) are not PAC.

PROPOSITION 4.4: Qapnil Is not PAC.

Proof (cf. [FJ, Cor. 10.15]): Assume k = Qapnii is PAC. Since kQ, N Q is
Henselian (Q=algebraic closure of Q), it follows from [FJ, Theorem 10.14] that
kQ, 2 Q. By Krasner’s lemma [W, 3-2-5], Q, (=algebraic closure of Q) = QQ,,,
so kQp, = @p. Now QupQp € Qp b (in fact equality holds by local Kronecker—
Weber, but we do not need it here). Hence @p =kQp C kQpap € Qpabnit € Qp,
50 @y = Qpabnil- It remains to show that, for some p, G(Q,/Qpap) (= Gy,)
is not nilpotent. Let us show this for p = 2 (this holds in fact for all p). If (the
commutator subgroup) G, were nilpotent, then for every finite Galois extension
K/Q,, G(K/Q,)' would be nilpotent. Since Sj = A4 is not nilpotent, it suffices
to realize Sy over Qs:

LEMMA 4.5: Sy is a Galois group over (.

Proof: Let L = Q;(m,w) be the splitting field of z3 — 2 over Qz, 7% = 2, w? =1,
so L/Q; is a tamely ramified extension with G(L/Q2) 2 S3. Consider the (split)
exact sequence

1-V-aS8-585-1

where V is the Klein four group. We will solve (properly) the embedding problem
given by this sequence. The multiplicative group L* of L decomposes into a direct
product

L* = {w) x {(7) x U}

where UT* = group of units = 1 mod ™. U} /U2 2 L+ = F} as abelian groups
[W,1 — 5 — 3], where L is the residue field of L. U}/U? is also a G-module,
G = G(L/Q,), which we can identify with

(W) x (1) x UL/ (w) x (x) x UE = L*/{w) x (x) x U}.

Note {w) x () is G-invariant, as is U*. By local class field theory [Se, p. 170
(diagram (3)), p. 174 (Theorem 2), p. 195 (Theorem 1)}, U} /U is G-isomorphic
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to G(N/L), where N is an extension of L Galois over Q,. (N is class field to
{(w) x {r) x U}.) Thus E = G(N/Q,) is an extension of G(N/L) ¥V by G =
G(L/Q,) & S3. Now G acts faithfully on U} /UZ, since {1,1+7,1+wn, 1 +w’r}
are representatives of Ul mod UZ. Hence G = E/V acts faithfully on V. It remains
to show that £ = 5;. Let C be a subgroup of order 3 of E. C is not normal in E
since otherwise C' would commute elementwise with V. By Sylow’s theorem, the
number of conjugate subgroups of C in E is 4, so the normalizer H of C in E is of
index 4 in E. The corresponding permutation representation of E on the cosets
of H yields a homomorphism of E into S5 whose kernel J is the intersection of
H with its conjugates in E. J does not contain C since C is not normal in E.
Hence if J is not trivial, J is of order 2 and normal in £, hence central in E. But
this is impossible, since J is not contained in V', and hence maps modulo V to a

central element of order 2 in S3, contradiction. Hence F & Sj. |
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